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By shining a tightly focused laser light on the condensate and moving the center of the beam
along the spiral line one may stir the condensate and create vortices. It is shown that one can induce
rotation of the condensate in the direction opposite to the direction of the stirring.
When a spoon (stick, or another object of a similar
shape) is used to stir a liquid, the latter rotates in the
direction induced by the stirring object. Is it possible
to make the liquid rotating counter-clockwise while stir-
ring it clockwise? The aim of this paper is to show that
this counter-intuitive scenario may be realized in a quan-
tum fluid, or more precisely a Bose-Einstein condensate
(BEC) when stirring it with the help of a tightly focused
laser beam.
Creation of vortices in a BEC and study of their prop-
erties has been a subject of quite intensive research for
last couple of years (an extensive list of references may be
found in [1]). Let us mention that vortices have been cre-
ated in the BEC experimentally using various methods.
Paris group [2] used the rotating anisotropic potential
(created by a detuned broad laser beam) to make a di-
rect analog of the rotating bucket experiments [3]. The
formation of a vortex is then the result of dynamical in-
stabilities appearing in the course of the experiment [4].
Similar method was used by Ketterle group [5]. Boulder
group [6] created vortices in two component condensate,
where one fraction was made to rotate with respect to the
other by means of the phase engineering technique. The
latter technique attempts to create directly the desired
vortex state in the condensate.
Various “stirring” propositions have been discussed
theoretically [4,7] for creation of vortices. In particu-
lar [7] used a localized potential moving on a circular
path (with an appropriate smooth turn-on and turn-off
of the stirrer). Such a stirring produces the condensate
state which may be approximately described as a time de-
pendent combination of the ground state and the vortex
state. As time evolves the system undergoes a general-
ized Rabi oscillation between the ground state and the
vortex state.
Similar in spirit is our recent proposition for creation
of vortices in a BEC [8]. It relies on an appropriate de-
formation of a harmonic trapping potential by means of
an additional, tightly focused laser beam. The beam ap-
proaches the center of the trap moving along a spiral line.
The effective interaction of the detuned laser beam with
atoms results in an additional effective potential seen by
the atomic external degrees of freedom. Neglecting the
interaction between atoms, the effective two-dimensional
Hamiltonian, in the frame rotating with the center of the
laser beam, reads
Hˆ = −
1
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∂x2
−
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∂y2
− ΩLˆz +
x2 + y2
2
−u0 arctan(|x0|) exp
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(x− x0)
2 + y2
2σ2
)
, (1)
where Ω is the frequency of the rotation of the laser beam
around the center of the trap while u0 > 0, σ and x0
stand for the parameters of the beam. In Eq. (1) and in
the following we work in units defined by the harmonic
trap. Changing x0 from an initial negative value to zero,
according to x0(t) = x0(0) + vt, corresponds to the mo-
tion of the laser beam along a spiral line in the laboratory
frame. When the beam reaches the center of the trap its
intensity is reduced to zero [see arctan(|x0|) function in
Eq. (1)] and we end up with the harmonic trapping po-
tential only (for details of the method see [8]).
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FIG. 1. Energy levels of the Hamiltonian (1) as a function
of x0 for u0 = 16, σ = 0.2 and Ω = 0.6. The energy levels
for x0 = 0 correspond to Lz = 0, Lz = 1 and Lz = 2 (from
bottom to top). Note very narrow anti-crossing structures
between the neighboring energy levels. The inset shows the
anti-crossing between the ground and first excited levels in
the enlarged scale.
We have shown, on the other hand, [8] that sweeping
the laser beam across the condensate along the spiral line
1
may serve as an efficient and stable way to create vortices
in the system. This can be easily understood by looking
at the energy levels of the Hamiltonian (1) for different
(fixed) values of x0, see Fig. 1. Narrow avoided crossings
between neighboring energy levels indicate that starting
with the system in the ground state and changing x0 from
some negative value to zero, one may pass the avoided
crossing diabatically and end up (with a high efficiency)
in the first excited state of the trap that possesses the
angular momentum Lz = 1. Moreover, the process may
be repeated, Fig. 1 suggests that having the system in
the first excited state of the harmonic trap with Lz = 1
(after a single sweep) it is possible to employ the second
similar process and transfer the population to Lz = 2
state with a high efficiency.
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FIG. 2. Trajectories (in the laboratory frame) of the vortex
with n = 1 (solid line) and of the center of the laser beam
(dotted line) from t = 145 up to the end of the potential
sweeping (t = 325). The ground state of the harmonic oscil-
lator was chosen as an initial state and the parameters of the
laser beam were u0 = 16, σ = 0.2, x0(0) = −6.5, Ω = 0.6
and v = 0.02. The positions of the vortex (circles on the solid
line) were taken with time step that equals 0.54.
To look more quantitatively at the stirring process, we
write the wave function of the system, in the hydrody-
namical approach [9], as Ψ(~r, t) =
√
ρ(~r, t) exp(iχ(~r, t)),
where ρ(~r, t) is the density of a probability fluid. The
velocity field is defined as
~v = ~∇χ(~r, t). (2)
The single valuedness of the wave function requires that
the circulation of the velocity field ΓC around any closed
contour C is quantized (Feynman-Onsager quantization
condition [10])
ΓC =
∮
C
~v · d~l = 2πn, (3)
where n = 0,±1,±2, . . .. The value of n characterizes
vortices in the wave function. We say that we have vor-
tex with unit charge at a given point, when calculation
of ΓC gives n = 1 as contour C, encircling that point,
shrinks down to this point.
Creation of vortices by our method, which is nothing
but a smooth time-dependent modification of the poten-
tial, requires a sudden (due to the quantization) appear-
ance of a non-zero circulation. This is necessarily accom-
panied by an appearance of a singularity in the velocity
field. It is interesting to find out how this process oc-
curs since we know that at the beginning of the laser
sweep there is no circulation in the velocity field, at the
end there is a vortex approximately at the center of the
trap. Integrating the time-dependent Schro¨dinger equa-
tion (recall that we discuss noninteracting particles first)
we have looked for the wave function modulus minimum
and calculated the circulation around small contour en-
circling it. If n is equal to 1±0.04 (−1±0.04) we assume
that vortex (antivortex) with unit charge is located at
such a minimum. As almost non-interacting condensates
have been realized in laboratories already [11,12], it is
perfectly legitimate to consider non-interacting particle
case first.
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FIG. 3. Plot of the phase of the final wave function af-
ter the potential sweeping with the laser beam parameters
u0 = 16, σ = 0.2, x0(0) = −6.5, Ω = 0.6 and v = 0.02. The
eigenstate of the harmonic oscillator with Lz = 1 was chosen
as an initial state. Despite the fact that the square overlap of
the final wave function on the Lz = 2 eigenstate is very high ,
there is not a single vortex with the topological charge n = 2
but two separate vortices with n = 1 – see text.
Let us inspect the first sweep of the laser beam through
the system initially in the ground state. We have found
(compare Fig. 2) that the vortex moves in from the bor-
der of the trap (i.e. the range of the configuration space
where we are able to control the velocity field numeri-
cally). Please note that we are able to observe the vortex
after some time since the beginning of the simulation. In-
deed, it crosses the trap border instead of being suddenly
created at t = 145—see Fig. 2. The position of the vor-
tex follows quite closely the center of the focused laser
beam. At the end of the excitation process the vortex
lands very close to the trap center.
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Similarly for a second laser sweep aiming at increasing
Lz to 2 an additional vortex with the topological charge
n = 1 comes from the border of the trap along a spiral
line (similar to the line depicted in Fig. 2) and collides
with the first vortex which, during the whole time evolu-
tion, is situated in the vicinity of the trap center. In the
numerical implementation the final wave function con-
sists mainly of the eigenstate with Lz = 2 (the square
overlap on this state is p2 ≈ 0.9997). However, there
is also a slight contribution from the Lz = 0 eigenstate
(p0 ≈ 0.0003). A simple calculation immediately shows
that instead of a single vortex with n = 2 we get two
separate vortices with n = 1 in this case. This observa-
tion confirms that vortex with n = 2 is unstable. The
two vortices are situated symmetrically with respect to
the trap center at a distance 2(2p0/p2)
1/4. Plot of the
phase of the final wave function in the vicinity of the trap
center confirms such prediction, see Fig. 3.
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FIG. 4. Trajectories of vortices with the topological charge
n = 1 (dotted line) and n = −1 (solid line) during the poten-
tial sweeping. The Lz = 1 eigenstate of the harmonic oscilla-
tor was chosen as an initial state and the parameters of the
laser beam were u0 = 16, σ = 0.2, x0(0) = −6.5, Ω = 0.25 and
v = 0.02. The main plot corresponds to t ∈ [253, 289]. After
that time the vortex with n = 1 topological charge reaches
the border of the trap and further evolution of the vortex with
n = −1 up to the end of the potential sweeping (t = 325) is
shown in the inset. The trajectory of this vortex ends a little
off center at (−0.035,−0.175).
Energy levels of the Hamiltonian (1) as a function of
x0 have been calculated in Fig. 1 for Ω = 0.6. For x0 = 0
the ground state corresponds to Lz = 0, the first ex-
cited state corresponds to Lz = 1 and the second one to
Lz = 2. However, the order can be different if we de-
crease Ω. Indeed for Ω < 1/3 the second excited state
(for x0 = 0) corresponds to Lz = −1. It offers an oppor-
tunity for the following counterintuitive situation which
is of main interest for our study. Suppose, we start with
the Lz = 0 state. After a potential sweeping we end up
with a very high probability in the state with Lz = 1
where the rotation of the probability fluid coincides with
the rotation of the applied laser beam. Then another,
identical stirring by our “laser spoon” results in prob-
ability fluid rotating in the opposite direction (a state
with Lz = −1)! Needless to say such a situation is quite
surprising and no analogy to some process in a classical
fluid appears.
The prediction based on Hamiltonian levels behavior
can again be tested by a direct integration of the time-
dependent Schro¨dinger equation and indeed the Lz = −1
state is excited with very high accuracy. Analyzing the
process of such change of the angular momentum from
Lz = 1 to Lz = −1 by looking at the time dependent
motion of vortices we find that the vortex with n = 1 ini-
tially situated at the center moves out to the border of the
trap while the other vortex (born at the border) with an
opposite n = −1 circulation arrives at the center along
a complex trajectory shown in Fig. 4. The latter vor-
tex, before reaching the center, experiences a sequence
of collisions with another n = 1 vortex that affects its
trajectory. Therefore a transition from n = 1 to n = −1
case is a result of (a bit complicated as seen in Fig. 4)
dynamics of vortices.
It remains to be seen whether the counterintuitive stir-
ring scheme is feasible also in the presence of atom-atom
interactions since so far we have presented a creation of
vortices for a non-interacting BEC. It is known, however,
that the stability of vortices may be strongly affected by
the atom-atom interactions [13]. To analyze the effect of
interactions we have performed numerical integration of
the Gross-Pitaevskii equation [14]
i
∂Ψ
∂t
= (Hˆ + g|Ψ|2)Ψ, (4)
with Hˆ given by (1). The interaction parameter g is pro-
portional to the number of atoms in the system and to
the s-wave scattering length. In an experiment, g can be
easily of order of thousands but it can be also reduced to
a very small value exploring Feshbach resonances [11,12].
In the present work, we have chosen g = 100 for the
numerical calculations.
If the ground state of the system is chosen as an initial
state, applying the potential sweeping allows one to ob-
tain the Lz = 1 state with a high efficiency as described
in Ref. [8]. We performed such numerical simulation tak-
ing Ω = 0.1. Now, we apply the second similar laser
sweep on the state obtained after the first one. It creates
a vortex with the topological charge n = −1 similarly
as it takes place for a noninteracting BEC if Ω < 1/3.
However, contrary to the linear case, the initial vortex
with n = 1 does not disappear — the interaction be-
tween atoms makes the initial vortex more robust to the
perturbation. The vortex with n = −1 lands close to
the center of the trap while the original n = 1 moves
to the edge of the trap. In effect the total angular mo-
mentum per particle is 〈Lˆz〉 = −0.42 with the dispersion
σL =
√
〈Lˆ2z〉 − 〈Lˆz〉
2 = 1.13.
The position of vortices may be observed using the
interference approach [15]. In left frame of Fig. 5 the
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square modulus of the final wave function superimposed
with a plane wave traveling vertically in the figure’s plane
is presented. A vortex–antivortex pair, clearly visible in
the figure, can be observed experimentally as the interfer-
ence technique has been applied in a laboratory already
[16]. The appearance of such a vortex-antivortex pair
might be interesting from an experimental point of view,
since interactions between such pairs in BEC confined in
a harmonic trap, are still an unexplored topic experimen-
tally.
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FIG. 5. Interference pictures. Left: a well separated vortex - antivortex pair obtained after a “second” laser sweep through
the harmonic potential for Ω = 0.1 and the strength of the effective atom-atom interaction g = 100. For Ω = 0.25 one may
observe two n = 1 vortices (right). Atom-atom interaction (g = 100) leads to a big vortex separation - compare with Fig. 3.
Parameters of the laser beam are u0 = 25, σ = 0.2, x0(0) = −6.5, and v = 0.13. Time of evolution was equal to 50.
Increasing the frequency Ω of the stirring to Ω = 0.25
we come back to the case of two n = 1 vortices dis-
cussed previously for noninteracting case. Please note,
that now the energy spacing between eigenstates with
different value Lz has decreased, so it is possible to have
a Lz = 2 state as a second excited eigenstate for Ω < 1/3.
In the presence of atom-atom interaction (g = 100) we
again sweep the laser across the condensate twice, first
stirring creates a single vortex, a second stirring process
adds an additional vortex with the topological charge
n = 1. This is again in a qualitative agreement with
the noninteracting case considered previously. Quantita-
tively, the final state is characterized by 〈Lˆz〉 = 1.69 with
σL = 1.92. The interaction between atoms leads now to
a much larger separation between the two vortices, see
the right frame in Fig. 5. Indeed, the separation between
them is now comparable with the size of the entire con-
densate (note different scales in Fig. 3 and Fig. 5).
It is interesting to ask what is the critical stirring
frequency for a transition from the regime of ‘vortex-
antivortex’ to that of ‘vortex-vortex’ production during
the second laser sweep. We estimate the critical fre-
quency ωc as satisfying the following equation:
µ(Lz = −1) + ωc = µ(Lz = 2)− 2ωc
where µ(Lz = −1) and µ(Lz = 2) are chemical poten-
tials of two lowest eigenstates of the time-independent
GP equation. The latter are found solving the 2D
equation (Hˆ + g|Ψ|2)Ψ = µΨ, with Hamiltonian Hˆ =
− 1
2
~∇2 + 1
2
(x2 + y2), i.e., the Hamiltonian (1) in the
laboratory frame without laser beam. For stirring fre-
quencies Ω lower than ωc three lowest GP eigenstates, in
the frame rotating with stirrer, possess angular momen-
tum Lz = 0, 1,−1 while in the case of frequencies higher
(but not too high) than ωc the order is Lz = 0, 1, 2. The
frequency ωc is an upper bound for the real critical fre-
quency since its definition is based solely on the ordering
of eigenstates in the frame rotating with stirrer. Indeed,
an efficient transfer requires also that the distance in en-
ergy between the level that we would like to populate and
the next one should be sufficient to assure adiabaticity,
which is by definition not the case when we stir the BEC
with Ω = ωc. Therefore, one might expect that the opti-
mal realization should require lower frequency, probably
in the middle between ωc and the lowest estimate for a
creation of vortex-antivortex pairs (equal to 0). That
gives ωc/2 as a good guess. We expect that the crit-
ical frequency should be somewhere between these two
estimates, namely between ωc/2 and ωc. Calculation for
g = 100 gives ωc = 0.18 which interestingly compares
with 0.125 ± 0.01 determined from a direct integration
of Eq. (4) for g = 100, 20 ≤ u0 ≤ 25 and a duration of
a single laser sweep between 40 and 60 (compare Fig. 5
and Eq. (1)). Therefore, a numerical calculation gives a
value which is higher than ωc/2 and lower than ωc, even
though the lower bound is just a rough estimate. Similar
calculations of upper bounds for the critical frequency
(ωc) yield 0.237 for g = 30 and 0.195 for g = 70.
4
Finally, we would like to comment on an influence of
the stirring scheme’s details on final results in the inter-
acting case. First of all, we have observed that the width
σ [compare (1)] should be small, of the order of 0.2; two
times bigger widths lead to a significant decrease in the
stirring process’ efficiency. Secondly, the parameter u0
has to be high enough, of the order of 20, for an efficient
transfer of atoms from the ground state to the vortex
state(s). These two conditions provide non-trivial re-
strictions on laser beam width and intensity, respectively.
Thirdly, changes of the switching time within about 20%
of a given time scale (≈ 8 periods of harmonic trap for
g = 100) do not affect the dynamics qualitatively. Fur-
ther details can be found in [8].
To summarize we have investigated the details of the
creation of vortices in BEC when the laser sweep scheme
[8] is applied. Especially, we have shown that rotating
the probability fluid by means of the “laser spoon” may
introduce a circulation with the opposite direction with
respect to the steering one.
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